We show that the characteristics of a closed 2-form, defined on a connected Hausdorff manifold, whose group of hamiltonian diffeomorphisms is transitive, are the connected components of the levels of the associated moment map. As a consequence, we deduce that every connected Hausdorff symplectic manifold is isomorphic to a coadjoint orbit of its group of hamiltonian diffeomorphisms. These remarks suggest a procedure of reduction of a closed 2-form for homogeneous diffeological spaces, illustrated with the Atiyah-Bott construction in the Yang-Mills theory over Riemann surfaces.
Introduction
In the early '70, Kostant, Kirillov and Souriau showed that a symplectic connected Hausdorff manifold M, homogeneous under the action of a Lie group G, is isomorphic, up to a covering, to a coadjoint orbit of the G. The main tool for such an identification was the moment map introduced by Souriau. But the group Diff(M, ω) of the automorphisms of the symplectic manifold (M, ω) is big enough to be transitive on M, even the subgroup Ham(M, ω) [Ban78] . So it is tempting to look for an analogous of the Kostant-KirillovSouriau theorem relative to Diff(M, ω) or Ham(M, ω), even if these groups are not, strictly speaking, Lie groups. Such a question has been asked and solved using functional analysis techniques [Omo86] . Alternatively, considering the symplectic manifold (M, ω) and the groups Diff(X, ω) and Ham(M, ω) as diffeological objects, we can also use the construction of the moment map in diffeology [Piz07] . We get, this way, a rigourous equivalent statement avoiding the heavy functional analysis techniques, that is every symplectic manifold is a coadjoint orbit, affine or linar, of its group of hamiltonian transformations. We'll observe that there is no covering restriction in this case.
By the way, we prove that the characteristics of a closed 2-form ω defined on a connected Hausdorff manifold M, homogeneous under the action of the hamiltonian transformations group Ham(M, ω), are the connected components of the moment mapμ ω associated to Ham(M, ω). In other wordsμ ω integrates the characteristic distribution m → ker(ω m ). This gives a new interpretation of a symplectic homogeneous 2-form -opposed to presymplectic -as a 2-form whose levels of the hamiltonian moment map are (diffeologically) discrete. This remark suggests a diffeological procedure of reduction of an homogeneous presymplectic 2-form in diffeology, avoiding the integration of the characteristic distribution, whose definition is always awkward in this context. Let ω be a closed 2-form defined on a diffeological space X, if X is homogeneous under the action of Ham(X, ω) then the reduced space is just the quotient of X by the connected components of the level of the moment mapμ ω , that is a priori a covering over the image O =μ ω (X), which is a coadjoint orbit of Ham(X, ω). As an application of this reduction, we treat the example of Yang-Mills theory over Riemann surfaces developed by Atiyah and Bott in [AtiBot83] .
Value of the moment maps for manifolds
Let M be a connected manifold equipped with a closed 2-form ω. The value of the paths moment map
where r ∈ U and δr ∈ R n , δp denotes the lifting in the tangent space TM of the path p, defined by
Note 1 -Let us remind that if a differential 1-form is defined by its values on all the plots, it is however characterized by the values it takes on the 1-plots. Moreover, any momentum of a diffeological group is characterized by its values on the 1-plots plointed at the identity. So, in order to characterize Ψ(p), it is sufficient, in the formula above, to consider F as a 1-plot pointed at the identity, F(0) = 1 M , to choose r = 0 and δr = 1.
Note 2 -The formula ♦ gives also the paths moment map associated to the hamiltonian group. For any plot F of the group Ham(X, ω) ⊂ Diff(X, ω) and any path p of M we havē 
where p is a path of M such that m = p(0) and m = p(1). And, we get also the values of the moment maps
where m 0 is any base point of M and some c ∈ H * ω .
The expression of the chain homotopy operator K, given in [Piz05] , applied to the plotp
Thus, by definition of differential forms, the integrand of the right term of this expression writes,
So, using this last expression and the fact that, for all r in U, F(r)
Therefore,
with δp given by ♥, is the expression announced above. 
The paths moment maps for symplectic manifolds
be the exponential of the symplectic gradient of the f . So, F is a 1-parameter group of Ham ω (M, ω) and the hamiltonian moment mapΨ ω , computed at the path p, evaluated to the 1-plot F, is the constant 1-form of R,
where dt is the standard 1-form of R.
Proof -Let us remark that, in our case, the lift δp defined by ♥ of (art. 1) writes simply
where r and δr are reals. So, the expression ♦ of Subsection 1 becomes
We remind that, by definition, 
Symplectic manifolds

Any universal moment maps μ
Or, which is equivalent 1'. M is an homogeneous under the action of Ham(M, ω).
2'. Any hamiltonian moment mapsμ
If one of the universal moment maps μ ω is injective so are every ones. Now, if ω is symplectic, the image of the moment map, The converse is the same proof for the only symplectic and the hamiltonian cases B) -B') Let us assume that M is an homogeneous space of Diff(M, ω) and μ ω is injective. Let us notice first that, since Diff(M, ω) is transitive, the rank of ω is constant. In other words, dim ker ω = const. Now, let us assume that ω is degenerate, that is dim ker ω ≥ 1. Since m → ker ω m is a smooth foliation, for any point m of M there exists a smooth path p of M such that p(0) = m and for t belonging to a small interval around 0 ∈ R,ṗ(t) = 0 andṗ(t) ∈ ker ω p(t) for all t in this interval. So, we can re-parametrize the path p and assume now that p is defined on the whole R and satisfies p(0) = m, p(1) = m with m = m , andṗ(t) ∈ ker ω p(t) for all t. Now, sinceṗ(t) ∈ ker ω p(t) for all t, using the expression ♦ given in Subsection 1, we get Ψ ω (p) = 0 G * ω and thus μ ω (m) = μ ω (m ). But m = m and we have assumed that μ ω is injective. So the kernel of ω is reduced to {0}, ω is nondegenerate, that is symplectic.
The classical homogeneous case
Let (M, ω) be a connected symplectic manifold and G ⊂ Ham(M, ω) be a Lie group. So, any moment map μ associated to G, as defined above, is a covering onto its image. This is the Souriau's theorem [Sou70] on homogeneous symplectic manifolds, but proved our way. It is illustrated by the example of Subsection 7.
Proof -Let p be a path of M such that μ • p = const. That is, Ψ(p) = 0 G * , where Ψ is the paths moment map of G. So, for any 1-parameter subgroup F ∈ Hom ∞ (R, G) we have Ψ(p)(F) r (δr) = 0, for all r and all δr belonging to R. Adapting to our case the expression of Ψ given in Subsection 3 part B, we get
where φ is the fundamental vector field of M associated to F. Now, considering the 1-parameter family of paths p s : t → p(st), the derivative of the above expression gives ω p(0) (ṗ(0), φ(p(0))) = 0. But since G is transitive, by running over all the 1-parameter subgroups F of G we describe the whole tangent space T m M, where m = p(0). And since ω is non degenerates,ṗ(0) = 0. The path p is thus constant, p(t) = m for all t in R. Therefore the pullback of the values of the moment map μ are discrete. And μ is a covering onto its image, which is a coadjoint orbit. Proof -This is an immediate consequence of the explicit formula of Subsection 1. If p connects m to m andṗ ∈ ker(ω), then for every n-plot F of Ham(M, ω), for every r ∈ dom(F), for every δr ∈ R n , we havē 
Noether-Souriau's theorem
Ψ ω (p)(F) r (δr) = 1 0 ω(ṗ(t), δp(t)) dt = 0. So,Ψ ω (p) =ψ ω (m, m ) =μ ω (m ) −μ ω (m) = 0 H * , and thereforeμ ω (m) = μ ω (m ).
Moment maps and characteristics
Therefore, if two points are connected by a path taking its values in a connected component of aμ ω level then it is contained in a characteristic of ω.
Examples 7. The cylinder and SL(2, R) As a student I was always embarassed to compute the moment map of a Lie group action on a symplectic manifold (or presymplectic), I had to guess the solution of a differential equation in μ, written ω(Z M , δm) = −δ(μ(Z)), where Z was an element of the Lie algebra, and δm a vector at the point m. In the diffeological framework, the moment maps comes already integrated, no guess. This is illustrated by the following example, which is also an example for which the moment maps of a transitive hamiltonian action of a Lie group is a nontrivial covering. Let us consider the real space R 2 equipped with the standard symplectic form surf = dx∧dy, with (x, y) ∈ R 2 . The special linear group SL(2, R) preserves the standard form ω. Its action on R 2 is effective and has two orbits, the origin 0 ∈ R 2 and the (( cylinder )) M = R 2 −{0}. The restriction ω = surf M is still symplectic and invariant by SL(2, R). Since R 2 is simply connected the holonomy of SL(2, R) is trivial, so its action is hamiltonian. And since 0 is a fixed point, the 2-points moment map ψ is exact. That is, there exists an equivariant moment map μ :
. Moreover, we know an explicit expression for μ. For every z ∈ R 2 , let p z = [t → tz] ∈ Paths(R 2 ) connecting 0 to z. The general expression given in Subsection 1 ♦ and ♥ gives in the particular case of p = p z and F σ = [s → e sσ ],
By choosing various σ in sl(2, R) we can check that μ(z) = μ(z ) if and only if z = ±z. Restricting this construction to M, which is an orbit of SL(2, R), and thanks to the functoriality of the moment maps [Piz07] , the moment map μ M = μ M of SL(2, R) on M is a non trivial double sheets covering onto its image O = μ(M). It is possible to complicate this example by considering the universal coveringM of M, equipped with the pullbackω of ω by the projection π :M − → M. Then, the action of the universal covering SL(2, R) onM is still effective homogeneous and hamiltonian, and the moment mapμ factorizes through π and has the same image O.
The linear cylinder
The example of the cylinder is interesting because it shows simply and explicitly what happens when a symplectic form is exact but not its primitive. So let M = R × S 1 equipped with the 2-form ω = dα, and α = r × dz/iz, where (r, z) ∈ R × S 1 and S 1 is identified with the complex umber of modulus 1. The manifold M is also a group G, acting by g M (r, z) = (r + ρ, ζz), with g = (ρ, ζ). Now, for all g ∈ G, 
where k ∈ Z is the class of the loop . So, the form a = dρ is a good closed (even exact) invariant 1-form of G, that is a momenta of G. And, Γ = {2πk × a | k ∈ Z} with a = dρ. Now, the space G * of momenta of the Lie group G is generated by a = dρ and b = dζ/iζ, the quotient G * /Γ is thus equal to [Ra/2πZa] × Rb S 1 × R.
9. The torus 10. The 2-points pierced plane
